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NONHOMOGENEOUS EUCLIDEAN FIRST-PASSAGE PERCOLATION
AND DISTANCE LEARNING

P. GROISMAN, M. JONCKHEERE, AND F. SAPIENZA

ABSTRACT. Consider an i.i.d. sample from an unknown density function supported on an
unknown manifold embedded in a high dimensional Euclidean space. We tackle the problem
of learning a distance between points, able to capture both the geometry of the manifold
and the underlying density. We prove the convergence of this microscopic distance, as
the sample size goes to infinity, to a macroscopic one that we call Fermat distance as it
minimizes a path functional, resembling Fermat principle in optics. The proof boils down
to the study of geodesics in Euclidean first-passage percolation for nonhomogeneous Poisson
point processes.

1. INTRODUCTION

The main motivation for this article is the following problem:

Let Q. = {q,...,¢,} be independent random points with common density
supported in a Riemannian manifold. Define a distance in @),, that captures
both the intrinsic structure of the manifold and the density.

This problem arises naturally in tasks like clustering or dimensionality reduction of high-
dimensional data, for which the notion of distance between points that is used is crucial. A
typical example is the problem of clustering images according to their visual content (say,
pictures of hand-writing digits). Even for low-resolution pictures, as low as 30 x 30 pixels,
the ambient space is already R%°. Two important considerations in this kind of problems
are:

o Curse of dimensionality. Euclidean or Minkowsky distance are not a good choice
because in high dimensional spaces every two points of a typical large set are at
similar distance [1].

e Data support. Real data usually lies in a manifold of much smaller dimension. They
can be described with a few degrees of freedom, each of these representing one intrinsic
variable that parametrize the manifold. In this context, the Euclidean distance can
be very different from the geodesic one, which is more adequate.

Nevertheless, considering the geodesic distance might still not be good enough since it
does not take into account the underlying density of the points given by f. For example, if
f is given by a mixture (with equal weights) of two one-dimensional Gaussian distributions
with means 0, 10 and variances 1 and 2, respectively, we would like the point 5 to be closer
to 10 than to 0. Of course, for a real case scenario the manifold and the density function f
are unknown, but for many learning tasks, it is certainly preferable to define a distance that

takes both into account.
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A fundamental step towards solving this problem was done by Tenenbaum, de Silva and
Landford with Isomap, ﬂﬁ] This estimator was shown to achieve better results for dimen-
sionality reduction tasks by estimating the geodesic distance between points. However, it
is independent of the density f from which points are sampled and, as a consequence, it is
unable to give/use information about it. In ,E] the authors consider sample statistics that
capture the intrinsic dimension of the manifold and the intrinsic entropy. They take into
account both the manifold structure and the density function. Although their estimators
have a similar flavor to our proposal, they are different in the sense that they consider global
properties of the manifold while we are concerned with the distance between pairs of points.

In this article, we elaborate on a distance learning methodology introduced in HQ], focusing
here mainly on the mathematical aspects of the problem. We define the Fermat distance, a
macroscopic quantity to measure distance between two points in a manifold in this context,
and the sample Fermat distance as a distance inferred from the data that estimates the
former one. Our contribution is then three-fold:

e Consistency. We show that a scaled version of the sample Fermat distance conver-
gences almost surely towards the macroscopic Fermat distance, both on connected
open sets of Euclidean space and on manifolds.

e Convergence of geodesics. We show that sample geodesics (minimizers of our
action functional) do converge towards macroscopic minimizers of the Fermat dis-
tance. The core of the proof is a bound from a above for the arc-length of sample
minimizers.

e Complexity. We show that with large probability the sample Fermat distance can
be computed in O(n?log®n) operations by restricting ourselves to “local” paths.

These fundamental mathematical properties shed light on the potential efficiency of the
sample Fermat distance for unsupervized learning tasks. For a more detailed discussion on
real applications to distance and manifold learning, clustering, dimensionality reduction and
comparison with other methods, computational aspects, etc. we refer to ﬂ@] (see also @, ] on
alternative proposals). A practical implementation of an algorithm computing our proposed
distance can be downloaded from https://github.com/facusapienza2l/Fermat_distance.

2. DEFINITIONS AND MAIN RESULTS

Following M, E], let  be a non-empty, locally finite, subset of R?. We refer to the elements
q € Q as particles. For any z € R? we denote ¢(x) the center of the Voronoi cell of x with
respect to Q. That is, q(x) is the particle closest to x in Euclidean distance. Given x,y € R,
a path from x to y is a finite sequence of particles (qi,...,qx) with & > 2, ¢; = ¢g(x) and
g = q(y). The line segment from z to y is denoted Ty and (qi, . . ., qx) denotes the polygonal
path of line segments Gz, 203, - - -, Gr—1Gr- We also use [(q1, ..., q)| for its arc length, |z|
for the Euclidean norm of z and for a > 0, C C R%, B(C, a) is the set given by

B(C,a) = U B(z,a),

zeC

where B(z,a) is the open ball centered at z with radius a with respect to the Euclidean
norm. We can now define the sample Fermat distance.
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Definition 2.1. For a > 1 and z,y € R,

k-1
Dgo(z,y) = inf {Z \¢j+1 — 41" (¢1,- .-, qx) is a path from z to y, k > 1} ) (2.1)
j=1

Notice that Dg , satisfies the triangular inequality and defines a metric over ) and a
pseudometric over R?. When not strictly necessary we will drop the dependence of all
these quantities on v and (). This distance was considered previously in M, B] to construct
continuous models of first-passage percolation. We will focus on (but not restrict ourselves
to) the case in which @ is a Poisson Point Process (PPP) although the intensity function will
be different in different instances. We assume that all the processes involved are constructed
in a probability space (2, F,P). All the “almost sure” statements are with respect to P. We
write () ~ Poisson(S,g) when @ is a PPP on S with intensity function g with respect to
volume element on S. We include here the possibility that S is a manifold with dimension
smaller than d.

Notice that for a = 1 this distance coincides with the Euclidean distance but for a@ > 1
large jumps are discouraged and this results in a different distance that penalizes paths in
which points are far away to each other. We also call r¢ ,(z,y) the unique path along which
Dg.o(z,y) is achieved when it is defined (that is the case a.s. if, for example, x, y are
deterministic and @ is a PPP, [4]).

Next we define a macroscopic version of the sample Fermat distance that we simply call
the Fermat distance or macroscopic Fermat distance as follows.

Definition 2.2. For a continuous and positive function f, f > 0 and z,y € S we define
Fermat distance Dy p(x,y) as

T = [£7% Dyslany) =int Traly) 2:2)

Here the infimum is taken over all continuous and rectifiable paths  contained in S, the
closure of S, that start at = and end at y; and the integral is understood with respect to
arc-length given by Euclidean distance.

We will omit the dependence on S and f when not strictly necessary. This definition
coincides with Fermat Principle in optics for the path followed by light in a non-homogeneous
media when the refractive index is given by f=”. We will call the minimizer v* in ([Z2) a
macroscopic f-geodesic between x and y. Observe that f-geodesics are likely to lie in regions
where f is large.

2.1. Consistency. Our main result consists in proving that the sample Fermat distance
when appropriately scaled converges to the Fermat distance. In other words, the scaled
sample Fermat distance is a consistent estimator of the macroscopic one.

Theorem 2.3. Let S C R? be an open connected set with C* (or empty) boundary. Let
f:S = [myg, M| be a continuous intensity function. Assume my > 0. For each n € N let
Q. ~ Poisson(S,nf). Given x,y € S and ¢ > 0, there exist constants i, cy,co and ng such
that

P (|n”Dq,a(2,y) — 1Dss(,y)| > ) < e” o, (2.3)
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for p = (a—1)/d and every n > ng. In particular

lim n°Dg, o(7,y) = uDss(z,y) almost surely.

n—oo

The Poisson assumption can be replaced by assuming () is an i.i.d. sample with density
f using a simple large deviations estimate.

Corollary 2.4. The same result holds if we replace Q,, by a set of n independent points with
common density f.

Remark 2.5. If S is not connected and x and y belong to different connected components
of S, we have D; s5(x,y) = liminf n’ Dy, (z,y) = co a.s. If 2,y belong to the same connected
component, we can restrict ourselves to this component. So, the connectedness assumption
can be dropped and is assumed for simplicity.

If the Euclidean norm in (1)) is replaced by another distance, similar results can be
obtained with the line integrals with respect to arc length replaced by line integrals with
respect to the distance involved. It could be interesting to explore other choices.

The O smoothness assumption for the boundary of S is not really necessary either and
can be relaxed up to some point. For instance, it is enough (but actually not necessary) to
suppose S to be locally convex at points of the boundary where it is not C'. Also, if we allow
mys = 0 (which can be done with a little extra work) no regularity assumptions are needed
at boundary points where f vanishes. In fact, the only problem one needs to deal with is the
case in which the macroscopic geodesic intersects the boundary. This case can be avoided
in several ways, but it can certainly happen if S is not convex and f is not negligible at the
boundary. We assume in the sequel the stronger C'' assumption to simplify the exposition.

As a consequence of Theorem we obtain a similar result for points supported on a
lower dimensional manifold. We will say that M is an isometric d-dimensional C'! manifold
embedded in R? if there exists S C R? an open connected set and ¢ : S — R” an isometric
transformation such that ¢(S) = M. As we mentioned before, in real applications we expect
d < D, but this is not required.

Theorem 2.6. Assume M is an isometric C' d-dimensional manifold embedded in RP
and f: M — Ry is a continuous probability density function. Let Q, = {qi,...,q.} be
independent random points with common density f. Then, for a > 1 and x,y € M we have

lim n°Dg, o(2,y) = uDss(x,y) almost surely. (2.4)
n—oo

Here p = (a — 1)/d and p is a constant depending only on « and d; the minimization is
carried over all rectifiable curves v C M that start at x and end at y.

Remark 2.7. Notice that the scaling factor § = (a—1)/d depends on the intrinsic dimension
of the manifold, instead of the dimension D of the ambient space.

2.2. Geodesics. Once, we have the convergence of the distances, it is natural to ask for the
convergence of the geodesics. An important step towards this result is to prove that sample
geodesic arc length is bounded. This result is not straightforward and follows from geometric
arguments combined with large deviations.
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Proposition 2.8. Let S C R? be a bounded connected open set, Q,, ~ Poisson(S,nf) and
0 > 0. Then, there exists positive constants {,cs and ng, with c3(0) depending on 0, such
that if x,y € S, |x — y| > 0, then for all n > nyg

P (rqua(r,9)| > £) < exp(—csn®). (25)
As a consequence, we have

lim sup g, o(z,y)| <L almost surely. (2.6)
n—o0
The constant cs is the same as in Theorem 2.3l Having obtained this upper bound on the
arc length of geodesics, we can show that under suitable conditions the microscopic geodesics
converge to the macroscopic one.

Corollary 2.9. If there is a unique macroscopic f-geodesic v*, then rq, o(x,y) converges
uniformly to v* almost surely.

2.3. Complexity. Finally, we turn our attention to the computability of the sample Fermat
distance. Computing the minimum in (2Z.I]) for every two points in @),, requires a search in a
discrete set of size larger than n!. By means of Floyd-Warshall algorithm, this task can be
done in O(n?) operations. We prove that we can restrict the search to paths in which each
particle ¢; of the path is a k—th nearest neighbor of ¢;_; for £ ~ logn. Based on this fact,
Dijkstra algorithm requires O(n?log®n) operations to compute the distances between every
two points in the sample.
Given k > 1 and ¢ € Q,,, the k-th nearest neighbor of ¢, denoted by ¢*), is defined by

¢V = arg mingco g 14— 4l, ¢ = arg MiN e fg.q0,. q0-0y [ — gl for k> 1.

We use the lexicographic order to break ties. Also denote Ny (z) = {¢,¢®,...,¢®™} the
set of k-nearest neighbors of g. We can now define the restricted sample Fermat distance as
follows:

Definition 2.10. For z,y € (),,, « > 1 and k € N, we define
D, (x.y) = min {Z g1 — @|" @1 = T qx = Y, @1 € Nip(qs), 1 <6 < K — 1} - (2.7)

We have the following quantitative approximation result:

Proposition 2.11. In the setting of Theorem[2.3, given € > 0, there exist positive constants
C4, C5 such that if k > c4log(n/e) + ¢ we have

P (Dgn(:z:, y) = Dg,(z,y)) >1—c. (2.8)

In other words, with probability at least 1 — e, the minimizing path (¢, ..., qx,) verifies
Giv1 € Ni(q) for every i = 1,..., K — 1.

While the previous result is certainly an improvement, it might still be unsatisfactory for
large data sets. However, if n is very large, it is possible to appeal to greedy 1mplementat10ns
based on landmarks. Given Q,,, let us consider a subset of landmarks Q C Q,, with |Q|
and m < n. Then, we compute the minimum path between each of the m landmarks and the
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rest of the particles in (),, using Dijkstra’s algorithm on the k-nearest neighbor graph. This
can be done in O(mknlogn) operations. Then, we can bound the exact Fermat distance
between any two points ¢, ¢ € @Q,, by

max |Dq,(¢,9) — Dq,(d,4)| < Dq,(q,¢) < r}éig (Dq,(q,q9) + Dq,(d,q))
q q

see B] Notice that the bound from above holds with equality if there is a landmark ¢ € Q in
the shortest path between ¢ and ¢’. Due to this fact, an interesting and important problem
is to choose a good set of landmarks, B]

2.4. Organization of the paper. The rest of the article is organized as follows. In Section
B, we prove several lemmas that lead to the proof of the consistency, Theorem 2.3l Corollary
2.4 can be easily obtained by means of a large deviations principle for Poisson random
variables and is left to the reader. In Section [4] we consider the original problem, i.e., the
case in which @), is a random set of independent points with common density f supported
on a manifold and we prove Theorem 2.6l We then obtain Corollary as a consequence of
Theorem after proving that the arc length of microscopic geodesics is bounded, which is
done in Section Bl Section [ deals with computational considerations. We show that with
large probability (Dg, (¢, q'))q.qco, can be computed in O(n? log® n) operations by restricting
ourselves to “local” paths.

3. NONHOMOGENEOUS PPP

We begin by proving the almost sure convergence of n’Dg, (z,y) to Fermat distance
between z and y for nonhomogeneous PPP stated in Theorem 2.3l The proof will be split
in several lemmas. The first step consists in considering homogeneous PPP in a convex set
S C R?. This case has actually been treated in M, B] where the following is proved.

Proposition 3.1. [Q, Lemma 3 and Lemma 4], ,B, Theorem 2.2] Assume S C R? is an open
convez set and let Q,, ~ Poisson(S,n). There exists 0 < p < oo such that for any x,y € S
we have

lim n’ Dy, (x,y) = plr — 1yl almost surely. (3.1)
n—oo

Moreover, given 0 > 0 there exist positive constants A, ca, cg, ¢7, with ¢; depending on d, such
that if |x — y| > § then

P (|n”Dg, (z,y) — plz — y|| > )xn_l/sd) < cgexp (—crn®). (3.2)
for every n > 1.

The results of M, B] are proved in fact for the case in which @), is replaced by an intensity
one PPP and instead of taking n — oo, the authors consider the limit as |y| — oo. The adap-
tation of those results to our setting to get [3.1lis straightforward by considering the rescaled
process n'/?Q,, and using ﬂa, Theorem 2.4] to show that if we have @, ~ Poisson(S,n),
Qn ~ Poisson(R?,n) and z,y € S, then

P (Dq,(r.y) # Dy, (x, y)) < cgexp (—crn).

By means of Proposition B.J] we can obtain rough bounds for the nonhomogeneous case.
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Lemma 3.2. Let S C R? be an open bounded connected set with C' (or empty) boundary
and f: S — [mys, M¢] measurable. Let 6 > 0 and xz,y C S with |v —y| > 0 and @), ~
Poisson(S,nf). Then, for alle > 0 there exist ng = ng(e) and a positive constants cg = cg(0)
such that for all n > nyg,

P (Do, e.0) < M5l — 3l = ) < exp (—cxlmpn)®). (33)

P(nﬁDQn (x,y) > ,umj?ﬁDo(x, y) + 8) <exp (—cg(Myn)?). (3.4)

Here Dy(z,y) := Dyo(x,y) is the geodesic distance between x and y defined in accordance

with (2.2).

Proof. Denote co(S) the convex hull of S. Given two locally finite configurations ¢ C Q, we
have Dg(z,y) < Dg(z,y). Enlarge the probability space to consider two homogeneous PPP
., ~ Poisson(S,nmy) and Q;} ~ Poisson(co(S),nMy), coupled with @, (see for instance

n

, Section 3.2.2]) to guarantee that @, C @, C Q. Then
(D) < bty e — ] ) < B0 Do o) < bt o = o ¢

Choosing ng such that e > A(ngm;)~'/3?, by means of Proposition B we get(3.3). To prove
([B4) we proceed similarly, but we need to be more careful. Since S is open and connected,
we can consider a polygonal v = (xg, ..., x;) C S from x to y with

Tiv1 + X

I mie
|(zo,...,2%)] < Do(z,y) + =— and B
20 2

i — Iz|) C S,

for every 0 < ¢ < k — 1. We claim that k can be taken uniformly bounded for every two
points x,y € S. To see that we proceed by contradiction. Fix one point z € S and assume
there is a sequence of points z, € S with the property that any polygonal from z to z,
contained in S is composed by at least n line segments. Since S si compact we can extract a
convergent subsequence z,, — 2* € S. If 2~ € S, there is ball centered at z* contained in S
with points z, for large n. Then we can easily construct polygonals contained in S from z to
z, with a bounded number of line segments, a contradiction. Then it should hold z* € 95
but since 0S is C! we can proceed in the same way to obtain again a contradiction.

Denote

i _ ZT; +z;

Proceeding as before, we get for every i,

P(nﬁDQn(l’i,$i+1) > um;ﬁ|xi+1 — LUZ‘ + 6) < P(nﬁD% (LUZ‘, .CL’Z'+1) > Mm;ﬁ‘l’i+1 — .CL’Z| + 8) .
(3'5)
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Then,

k
_ -_— g
(1 Daua,9) = o Duta ) + ) < B(n” 3 Do) > Ll o)l + 5 )
=0

k
€
< Z ( ﬁDQz (i, Tip1) > ,umf |x2+1 x| + ﬁ)
i=0

Using again Proposition Bl we get (3.4)). O

The second step is to show that the distance between consecutive particles in the optimal
path vanishes as n — oo.

Lemma 3.3. In the setting of Theorem[2.3, let (qi1,...,qx,) be the minimizing path. Given
0 > 0, there exists a positive constant cg such that

P(ni%x |gi — qiv1] > 5) <exp(—con). (3.6)

Proof. For any two consecutive points ¢;, ;11 in the optimal path we have
Qnn{zeS:|z—qul|"+|z—a|* <l|gw1—al|*} = 0. (3.7)
Observe that we can choose k; depending only on « and d such that the region {z € S :
|2 — qi1]* + |2 — @|® < |giy1 — @:|*} contains a cube of edge size k1|giy1 — ¢;|. Consider a
family C of cubes of edge size x10/2 with vertices in ,6/27Z%.
Notice that the number of cubes in this family that intersect S is finite. Each of these

cubes has no particles with probability bounded by exp(—-cion). If max;x, |¢; — qiv1| > 9,
then there is a cube in S with side x;0. Such a cube must contain a cube in C. O

Next, we prove that in order to find the optimal path between x and y we can restrict
ourselves to certain neighborhoods of any path 7,, C S that starts at z and ends at y. This
fact will be used both for points that are close to each other as well as for points that are at
a large distance. Denote, m} = inf{f(2): z € B(x,2]y|)}.

Lemma 3.4. In the setting of Theorem [2.3, given § > 0, there exist positive constants ci;
and ng such that for every x,y € S with |x —y| > 6 and a path v C S from x to y we have,

P<DQn (z,y) # Dq.nB(z.al) (T, y)) <exp (— ¢y n®), (3.8)

for every n > ny and a = 3 (Mf/m})ﬁ. In particular,
(i) if S is bounded

P<DQn (z,9) # Dq,nB(xazg) (7, y)) <exp(—cin?). (3.9)

with 5
2, W
a=a sup Do(z,w) < o0.
w5 |2 — W]
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(i) if Ty C S, we have

IED(DQH(ILE Y) # Dg,nB(@w,az) (T, y)) <exp(—ciin®). (3.10)

Proof. Let z ¢ B(x,aly|) NS. Given & < u(m})~|v|/3, consider the events

AL = {nﬁDQn(l‘, 2) <n’Dq,(2,y) + 51}

Fu = {1 Do.rataaen(o9) < un) P + 61 |

In A N E: N F, we get

,LLMf_B|x — 2| < nPDg,(z,2) + 6 < n’Dg, (,y) + 26,
< 0’ Do, np@an) (@, y) + 200 < p(m}) |y + 36
< 2p(m}) .

Since z € B(x,aly|) implies |x — z| > a|y| and a = 3 (Mf/m})ﬁ, we have A2 N EZNF, = 0.
By Lemma 3.2 there exist cg(d), no(d) independent of z and a positive constant ¢y such that

P(AZ) <P((EZ)°) + P(F;) < 2exp (—cs(myn)?) for all n > ny.

Assume Dg,(2,y) < Dg.nB(zan)(®,y) and {max;ck, |¢; — ¢i+1| < aly|}. Then there is a
particle ¢ € Q, N B(xz, a|y])° N B(z, 2a|y|) with

Dg, (z,y) = Do, (x,q) + Do, (q,y) > Dq,(x,q).

Consider the following covering

SN (B(x,2aly|) ~ B(z,aly])) C U B (v,éon_l/d) .

vey

Here V C S ~ B(x,aly|) is a finite set of points that can be chosen in such a way that
#V < kon for some constant ks and (209)* < d;. Let v, € V be such that ¢ € B (vq, 50n_1/d).
If ¢ is the closest particle in @, to v,, then Dg, (q,v,) = 0. If that is not the case, there
is another particle in B (v, don~"/?) and consequently we have Dg, (q,v,) < (20on~"/4)>.
From triangular inequality we get

nﬁDQn (J;’ q) Z nﬁDQn (I, Uq) - nﬁDQn (q7 Uq> Z nﬁDQn (I, Uq) - 51n_a/d Z nﬁDQn (I, UQ) - 51’
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Hence
P(DQH(%?J) #Dqunpan) (€,Y) , max|g; — givi| < a|7|>
< IP’(EIU eV :n’Dg, (v,y) > n’Dg, (v,v) — 51)
<D P((A)9)
veY
< 2k9nexp (—cg(myn)?)  Vn > ny.
From Lemma B3 and the fact that ¢y < 1/d<1 ([5]), we get @3). O

We are ready to prove the upper bound in (Z3)).

Lemma 3.5 (Upper bound). In the setting of Theorem[Z2.3, there are positive constants cqa
and ng such that

P (n"Dg, (z,y) > Dy s(x,y) + ) < exp(— c1an?).
for all n > nyg.

Proof. Let v* C S be a continuous and rectifiable curve that starts at x and ends at y and
such that fﬁ{* fiﬁ < Dysp(z,y)+¢/(4p). If € < 1, the arc length |y*| is bounded above by

* * 1
V< 0= Mfﬁ (Dm(m,y) + @) . (3.11)
Let us consider a finite set of points 21, 2o, ..., 2)s € 7" sorted according to a parametrization

of v* that starts at x and ends at y, such that z; = x, zj)y = y and 0 < |z;21 — 2| < 24.
Notice that M = M(9) < ¢*/0. Let 4} be the part of v* that connects z; and z;1;. Then

Since f~” is integrable and uniformly continuous in S N B(x, a|y|), we can choose § > 0 such

that
py - 1 e
i min Zi — Zig1| < — + -,
0 % (mins) =l < [ 545

(ii) \Zz:— dN <= |fP) - P <& = 677@?/(4;16*).
(iii) co(B(v7,d)) C S.

Recall here that co(B) denotes the convex hull of B. For i = 1,2,..., M — 1 consider the
set C; = co(B(7F,6)). On the one hand,

M-1

DQn (SL’, y) < DQnm(Uﬁ;lci)(x’ y) < Z DQnﬂCi(ziv Zi+1)' (312)

i=1
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On the other hand, we have

1 3e
qu,ﬁ(x,y)+€>u/*ﬁ+z

M-
Z ‘Zi-l—l_zi“'_E
2

i=1
M—1
€ Mé
> min f |Zi+l_zi|+__ & 7 €2

M_l .
>M ( mf) |Zi+l_zi|+1'

7,

Then,

P(n"Da, (2,y) = pDysle,y) +2) < (3.13)

M-1 M-
<IP’<Z nﬁDQnﬂC (zi, 2ix1) > Z (mmf) |ziv1 — 2| + )

=1

M—1 -8
< P ﬁD 2z, 24 > i i i
< ; (” Qnmcz(zazﬂ)_#(r%linf) |Zig1 — Z\+4M>

< M exp (—cg(myn)?)  for all n > ny,

by Lemma 3.2 (applied to each C;). Notice that the constant cg depends only on §. This
finishes the proof of the lemma. O

Lemma 3.6 (Lower bound). In the setting of Theorem|[2.3, there exist positive contants cq3
and ng such that

P (nBDQn(x>y) < MDf,ﬁ(za y) - 5) < eXp(_ C13 nC2)>
for all n > ny.

Proof. By Lemma [B.4] we can assume S is bounded (if it is not bounded, we consider S N
B(x,aly|), with v any path from x to y instead of S). Let v, = (q1,- . ., @&, ) be the minimizing
path. For § > 0, consider the event E,, = {max;, |¢; — ¢j4+1| < ¢}. If E, occurs, there
are particles ¢f,¢3,...,qf € Yo N Qy with § < |¢f, — ¢ < 46 for ¢ = 0,1,2,...,k, with
g =, q;.; = y. We can construct this sequence inductively as follows. Denote 75 = 0,
¢ = x. Fori >0, if |¢f —y| < 49, then ¢}, = y and we set k = ¢+ 1. If not, we
choose ¢}, = ¢, with 7,41 = min{j > 7,: 26 < |¢; — ¢/| < 30}. The existence of 7,;1 (in
case we need to define it) is guaranteed since we are assuming that F, occurs. With this
construction we have |¢f —q;_ 1| =y — G 1| > v — G_o| — |G 1 — q5_5| > 40 — 30 =§ and
hence ¢ < |gf,; — ¢f| < 46 for every 1 < i <k —1. We will see that there exists a constant
K such that k£ < K with overwhelming probability. This would be immediate if we assume
that the arc lengths of the minimizing paths are bounded (which is proved in Section [Hl),
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but this assumption is not really necessary at this point as the following argument shows.
Notice that

ke
Dq,(z,y) = > Do.(¢].¢;1)- (3.14)
i=0
For &, > 0, that will be chosen later, consider the following covering of S,
Sc|JB(v,dmn. (3.15)
veY
Here V C S'is chosen such that #)V < k3n for some constant k3 < co. Let wq, wq, ..., w, € V

be such that ¢ € B(w;, on~?) for every i < k. For a given i < k it holds

n’Dq. (¢} q1) = n’(Dq, (w;, wir1) — Do, (wi, ¢¢) — Dg, (Wis1, ¢ 1))
> nBDQn(wiawi+l) — 2(200).

If in addition d§y < 0/4, we have
|wi = wiga| > g7 = gia| = fwi = G = |wigr — g7 | > 0= 0/4 = 0/4=6/2.
Let A = ,qu_ﬁé/S and choose &y with 2(250)* < A. Then

P(minnﬁDQn(qZ,q;‘H) < A) < IP’(Elvl,vg €V with |v; —vy| > /2 :nPDg, (v1,v2) < 2A>.

Since the number of possible elections of v; and v, is upper bounded by (x3n)?, from Lemma
we conclude that

P minn® Do, () < &) < (k) exp (- cx(myn)).
If n?Dg, (x,y) < 2,umJIﬁD0(x, y) and n”Dq, (¢f, ¢f,1) > A for every i < k, then from (B.I4)
we obtain kA < QMmJTBDO(:c,y). Hence, for K = K(0) := 166~1(M;/m;)?Dy(x,y),

P (k> K) < exp(— cg(Msn)?) + (k3n)? exp(— cg(mn)™), (3.16)

for n large enough by (B4).
If we choose (2d9)* < (¢/4K), using triangular inequality in ([B.14]) we get

k
n’Dq,(z,y) = Y 0’ (Do, (wi,wit1) — Do, (wi,¢;) — Da, (wit1,¢11))
=0
k
> " n?(Dg, (wi, wis1)—2(200)“n /")
=0

k
Z ZnﬂDQn(wi,wiH) - 8/2

=0
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Then,
P(n’Dq,(x,y) < uDyp(z.y) —€) (3.17)
0
< IP(EIUl, .., €V with £ < K and 3 < |v; — viy1] < 5d such that
" 3
> n”Dq, (v, vin1) < pDyp(x,y) — = En) +P(k>K)+P(E). (3.18)
i=0
The second term is bounded by (BI0) and Lemma gives us an exponential bound for

the third one. Let us focus on the first one. Notice that the number of paths (vy,vs, ..., vg)
with v; € V and k < K is bounded above by (k3n)%. Fix any one these paths and denote

Mpi=  swp f(2)

2€B(v; |05 1])NS

and consider the events

Ai = {Dq, (vi, viy1) = D, afmw) (Vi vig1) }

- £
B; = {nﬁDQmB(vi,amvm\)(vi, Vit1) > ,quf\vi — Vig1| — 8—K} N A;.
From Lemma B2l and Lemma B4 we get that
P(BZC) SQXp (_C8m;.2nc2) +eXp (_ CllnCQ) Vn>n07 7,: 1’27”'7]{;_ 1 (319)

The constants cg, ¢ and ng depend on §. Now choose 6 > 0 such that for z, 2’ € S with
|z — 2| < 5(a+1)8 implies |f7#(2) — fP(2)] < e3 = emfcﬁ/(l%ul)o(x,y)]\/[?). Denote r;
the geodesic between v; and v;11. We have,

k

k —B k -8
_ . . 5
E :Mf,ﬂvi — Vipa| > E (1 —e3) (H}}n f) [V — Viga] > E (H}}n f) [V — Viga1] — 8
=0

=0 i=0

Since the boundary of S is C!, we can control the geodesic distance by the Euclidean distance
uniformly in S. More precisely, for each x € S there exists J, > 0 such that B(x,4,) C S
and consequently D(z,y) = |x — y| for all y € B(x,d,). If x € 35, since the boundary of S
is C', we have Dy(z,y) = |z — y| + o(|z — y|). Then, by compactness of S, we can choose
9 > 0 such that |v; — v;11| > (1 — €4)Do(vy, v;11) with g4 = €3/10. If we call (ry,r9, ..., 7%)
the concatenation of the geodesics 1,79, ..., 7, we have

k

Z(minf)_ﬁm—viﬂ\ >/ iﬁ—i
: Ti (r1,7250esTk) f 8:“

=0
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Then,

k
9
P <Z nﬁDQn(Uivvi—l—l) < ,MDf,B(ZC,y) Ty k<K, En)

=0

k k k
Z - ek £ .
=0 =0 1=0

k k
1
< P (u/( — < yDyslayy) — =, k< K, E,, ﬂBZ) +Y P(BY). (3.20)

TyeosTk) f g 8 i=0 i=0

Since

1
/( 7P > Dy, y),
71 Tk

.....

the first term in (3.20) is zero. Combining all these facts, we get

P(#'Do,(0.0) S iDalos) ) S BUZK)+P(ED+ 5 D R(B)

UV yenry eV  1=0
\vi—le |>6/2

< exp(—cg(Msn)?) + (k3n)? exp(— cs(mn)?)
+ exp(—con)

+ (r3n)™ (exp (— cg m;?ncz) + exp (— ¢33 n?))

< exp(—c13n?),

for every n > ny if ¢i3 and ny are chosen adequately. This concludes the proof of the lemma
and Theorem O

4. MANIFOLDS

We now consider the case in which the data is supported in a (possibly lower dimensional)
manifold. We consider a manifold M that is the image of an isometric transformation
from an the closure of an open connect set of R?. The proof is based on the fact that a d-
dimensional manifold is locally equivalent to R? and that if in addition M is smooth enough,
then geodesic and Euclidean distances are similar.

We consider S C R? an open connected set and a diffeomorphism ¢ : S +— M = ¢(S) C
RP with d < D. Let Jy(z) € RP*? be the Jacobian matrix of ¢ defined by

(ol = G

We assume that ¢ is an isometric transformation, i.e. for every z € S and v, w € R” tangent
to M at ¢(z) we have

(Jo(2)v)" (Js(2)W) = v'w, (4.1)
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which is equivalent to J,(2)7Js(2) = I;. Here I is the identity matrix in R If M is
compact, then for every €y > 0 there exists oy > 0 such that
(1—eo)o™(2) =7 (W) < |z —y[ < (L +e9)[0™ (x) — 07 (y)], (4.2)

if |£lf — y| < dp.
We first need to extend Lemma to manifolds. The proof is straightforward and we
omit it.

Lemma 4.1. Assume M C RP is a C* d-dimensional manifold. Let Q, = {qi,...,qn} be
independent random points with common density f. Fora > 1 andx,y € M, let (q1,-..,qx,)
be the minimizing path. Given 6 > 0, there exists a positive constant c14 such that

1<Rn

P(m%x lgi — qiv1] > 5) <exp(—cun). (4.3)

Proof of Theorem [2.8. Given @, we consider Qn=0""Qn), T=0¢Yz), § = ¢ (y). The
points in (),, are independent, with common density ¢g : S — R given by

9(2) = F(0(2)/det (Jo(2)'Jo(2)) = F(6(2).

Given gy > 0, let dg be as in ([A.2). Then for every path (¢, ¢qs, ..., q) in M with |¢; — 11| <
0o we have

k—1 k—1 k=1
(1 —¢e0)* Z |Git1 — G| < Z i1 — @™ < (1+¢€0)" Z |Gi1 — G| ™
i=1 i=1 i=1

Then, on the event {n’Dg (Z,7) < Q,Mm;BDO(x,y)} we can choose ¢y small enough to
guarantee

In°Dq, (z,y) —n’Dg, (,7)] < (4.4)

DO ™

On the other hand, since ¢ is an isometry it holds

ng X y = inf /—: ll’lf/g—ﬁ 'Dgﬂ(i’,ﬂ).

YCM oCS
Finally,
o o €
P(\nﬁDw,y) ~ 1Dyl y)]| > e) < P( (0" Dg, (2.9) — 1D, s(2.5)] > 5) (45)
# B(nDy, (@) < Wb LD ). (40

We bound (4H) by means of Theorem 2.3 Lemma is used to bound (A.6) and Lemma
4.1 to bound (7)), which concludes the proof. O
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5. THE ARC LENGTH OF GEODESICS

In this section we show a bound for the arc length of geodesics. We think this result is of
independent interest.

Proof of Proposition[2.8. Denote r,, := rqg, o(x,y) and (g1, ..., qx,) = 1, the particles that
form the minimizing path. Notice that k, is the number of particles in r,. From Holder’s
inequality we have

[7al < K" Doy, (2, )M,

Then,
P([r| > () <P <n5DQn(I,y) (k‘nn_l/d)a_l > €|ﬁ|a—1)

kn a—1
#(vooten (i) )

3 k, _ 1/(a=1)
P (nﬁDQn(x, y) > 2/~meﬁD0(xay>> + P<711T|7’_n| > (6/2/~meﬁ,D0(xa y)) )
(5.1)

IN

IA

The first term can be bounded by means of ([84). To bound the second one we will show
the existence of positive constants ci5, ¢16, ¢17, With ¢y7 depending only on ¢, such that

Ky
P (anw > C15) < C16 €XP (— C17 nl/d) . (52)

Then, if we take ¢ > K ¢3!, we can conclude (23]). The proof of (52)) is similar to the
one of Lemma 3 in M] Hereafter we include the adaptation of that proof to our context.
Let us consider a covering C of R? by closed cubes C of edge size ¢ = ggn~'/? and vertices
in ggn~ Y97, That is, if C' € C, then C = z + [0,eon~ /)¢ for some z € ggn~Y9Z%. Let
m, = #{C € C: CNT, # 0}. We say that two cubes (cells) C' and C" are adjacent if they
share a face and we denote that C' ~ C’. We call (C,...,C,,) a path of cells of length m if
C; ~ Cjyq forevery 5 =1,...,m — 1. Let us consider the event

Em" = {There exist a path (Cy,...,C,,) with # U C;NQ, > ;n_d} .
j=1
Given m cells C1,Cy, ..., C,,, it is clear that # U;nzl C; N @, is stochastically bounded by
a random variable V,,, ~ Poisson(medM;). By means of Chernoff bounds we get for § € R
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that
r(#0cn0z3) sz )
P (> o8)
< exp (_92%) E (V)

= exp ( 92d +med My (e’ — 1)) (5.3)

The total number of paths of cells of length m with € C} is bounded above by (2d)™.
Then,

P(E]") < (2dexp (—0/2d) exp (e§ M (e — 1)))m
Choosing 6 > 0 such that (2d)e=%2¢ < ¢71/2 and gy > 0 such that e=Mr("—1) < 2 we
obtain P(E") < e~™. Notice that any (particle) path from z to y must intersect at least
Kkigy |r — yIn'/? cells, for some geometric constant k4 > 0 that depends on d. Let

Fn:{r;—d<k} U B

m> 2 |p—y|n!/¢
Then,
P(F,) < S BPEN <e(l-eh) e ol

m=| £ |o—yln1/4]

Let (Cy,Cy, ..., Ch, ) be the path of cells intersected by 7, sorted according to r,. That is,
let (vn(t))o<t<m be the parametrization by arc length of the polygonal through (g1, ..., q,)
with 7,(0) = 2, 7,(|Tn|) = y. Then the cell-path is defined by
Ch Sz, T19=0, Cj #Cj_l, Cj 9’}/(7']') with Tj :inf{t>7'j_1: ’)/(t) ¢Cj_1}

If F¢ occurs, then there are at least m,,/3d indices ¢ for which d divides i, i+d—1 < m,, and
C;NQ, =0 for all j with i < j < i+ d. For each of these indices, there is a straight line
that passes completely through d adjacent cells C; and consequently crosses d 4 1 different
hyperplanes of the grid eZ? . Using the Pigeonhole principle, we conclude that the straight
line passes through two parallel hyperplanes separated by at least €, that is, each line segment
of 7, that passes completely through d contiguous empty cells contributes at least € to the
length |7,|. In other words, |7, > %%e. Then

3
k, < Do 5 L 5o nYm;| in FC.

Choosing

3 o

5> s— , cg>e(l—e )™t r< < —|$ — Yy

280 €0
we get (.2). We conclude the proof by taking c3(d) = min{cg(d ),017( )} and from cy <
1/d. O

We are ready to prove Corollary
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Proof of Corollary[2.9. We first need to define a topology in the space of curves contained
in S. Let S be the set of continuous and rectifiable curves in S. For 7,7’ € S define

ds(v,7") = min max [h(t) — g()]. (54)

gEP ’

Here P, = {h: [0,1] — S, h is a parametrization of v}. Notice that ds(y,7") < 0 implies
v C B(v/,0) and ' C B(7,6). For every ¢ > 0, the set {y € S: |y| < ¢} is compact with
respect to this metric, [7, Lemma 3]. Observe also that the map ~ — f,y =% is continuous
from S to R

For g4, > 0, we will see that the event ds(7,,7*) > &4 occurs finitely many times. Since v*
is the unique minimizer, there exist €5 > 0 such that

1
+ € < inf —
/fﬁ ° s(7,7*)>es 'yfﬁ

Given € > 0, by means of Theorem 23] with S = B(+,d) and the compactness of {|y| < ¢*}
we get the existence of § > 0 such that for all v with |y| < ¢*

"

for some constant c¢;g > 0. Take e = €5/2 and 5 such that (5.5]) holds. From the compactness
of bounded sets of S we get the existence of a finite number of curves v1, 72, ..., 7™ € S\{v:
ds(v,7*) < &4} such that for every v C S continuous and rectifiable, with arc length bounded
by ¢* and such that ds(vy,7*) > &4, there exists 77 with ds(v,7?) < min{ey, d5}. Then

1
n’Dg,p(2.5) (2, Y) —u/ﬁ 5) < exp(—cign), (5.5)
Y

]P)(dS(ﬁv 71) < 5) < IP)(nﬁDQn (SL’, y) = nﬁDQnﬁB(fyi,&s)(xu y))

1 . )
S P( - + - > nﬁDQn(Iay) = nﬁDQnﬁB('yi,és)(%y) > Iu/ __ 55)

. 78 L fP
£

‘l‘]P( BDQ ﬂB( z55 ZL’ y / fﬁ 5)

+p(

WD) [ 35| > 2).

The first term is zero and the last two terms decay exponentially fast as n — oo. By Borel-
Cantelli’s lemma, the event {7, C S\{v : ds(v,7*) < e4}} occurs finitely many times with
probability one, as we wanted to prove. O

6. RESTRICTION TO k NEAREST NEIGHBORS

In this section we prove that if we restrict ourselves to paths composed by k nearest
neighbors, the sample Fermat distance remains unchanged with high probability when k ~
logn. This reduces the computational cost from O(n®) to O(n?log®n).
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Proof of Proposition [211. Recall that Given k& > 1 and ¢ € Q,,, we denote the k-th nearest
neighbor of ¢ by ¢ and we denote Ny, (z) = {¢M,¢®, ..., ¢™} the set of k-nearest neighbors
of q.
Given two points z1, 2o € S we define
Af =1z €8 o — 2" + |z — 2" <z — 2|}
There exists a constant 0 > 0, that depends only on « such that B((z1 + 22)/2,6|z122|) C
A2 L, Let q1,42,. .., qr, be the optimal path and define

E*=min{k € N: ¢41 € Ni(q) for all i < k,}. (6.1)

We need to prove
P(k* > cylog(n/e) +c5) < e.

Notice that for every 1 <i < k,, Ay .. NQ, = () since if it is nonempty we can construct

a path with lower cost than the minimizing path. For £ € N, define the random variable

S, = sup {s: there exists a ball By with radius s that contains at least k

particles and another ball Bs, C B, with radius s and Bss N Q,, = (D},

and A, = {s; > 0}. Here we use the convention sup®) = 0. Since ¢;1; = (¢;)® implies A,

we have -
{k:* > k:} c a4, (6.2)
=k

§:%< i )w’ s:2ﬂ<ﬁ)w, (6.3)

2M¢n mgen

Define

Clearly s < s and
P(Ay) =P(0 <sr <s)+P(sp >53) +P(s; € [s,5]). (6.4)
We proceed to bound each term in ([6.4)).
P(0 <sg <s) <P (3 aball B, C S with radius s with at least k& particles)
<P (3 a cube Cy C S of edge size 2s with at least k particles) .

Consider the family C of cubes C' C R? with edge size 3s and vertices in sZ?. Notice that the
number of elements in Cs = {C'NS: C € C} is bounded above by kin/k, for some constant
k% that depends on the diameter of S. On the other hand, any cube with edge size 2s is
strictly contained in a cube C' € C. The number of particles in C'N S is a Poisson random
variable with parameter bounded above by 3%s?Mn = k/2. Then,

PO <sp<s) < mé%e‘elk, (6.5)

for some positive constant ;. Next,
P (s, >5) <P (3 aball B C S with radius s with & particles)

<P (EI a cube Cg/\/a C S with edge size §/\/g with at most k particles) .
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Now we consider the family C’ of cubes C C R? with edge size 5/(2v/d) and vertices in
(5/(2v/d))Z%. The number of elements in Cy = {C € C": C' C S} is bounded above by x2n/k.
If there is a cube C; i with at most k particles, then there is C' € C§ with at most k particles.

The number of particles in C' is Poisson with parameter at least s%mn/(22d%?) = 2k. Then
P(sp > 35) < Kgge—%k, (6.6)
for some positive constant 5. Finally
P (s < sp <5) <P (3 ball Bss C S with radius ds and Bss N Q,, = 0)
<P (EI cube Céé/\/g C S with edge size 5§/\/& and Céé/\/g NQ, = @) )

We proceed as before but now with the grid (ds/2v/d)Z?. There is at most x%n/k cubes with
vertices in the grid and nonempty intersection with S, the number of particles in a cube is
Poisson with intensity no greater than s?M;n/(2¢d%?) = k/(24+132d%?). Then,

P(s<s <3 < /ﬁ%%e_%k, (6.7)
with 05 = (2¢713%4%/2)=1. We conclude that
P(Ay) < nge—g’z (6.8)
for # = min{fy, 65,05} and kg = kg + k% + k3. By ([62) we get
P(k*>k) < 2K5?6_0j < /{5%(1 —e N < ken(1 — e ) le 0, (6.9)

So, we can guarantee P (k* > k) < ¢ if

1 Kg 1
k>=1 — .
g8 (1 —e? 6)
This concludes the proof. O
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